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TECHNICAL MEMORANDUM
-—- -..---

FOR AERONAUTICS

NO. 948

A SIMPLE APPROXIMATION Mi!lTHODFOR OBTAINI@

THE SPANWISB LIliTDISTRIBUTION*

By O, Schrenk

PRELIMINARY ‘REMARKS

In this pa-per a simple approximation method is pre-
sented for rapidly computin~ t’ae~ift distributions of
arbitrary airfoils. The numerical results are compared
with those obtained by an exact method and for many pur-
poses show a satisfactory de~ree of accuracy, The latter,
for all practically oc~urring cases, can be estimated at
the start of the computation work with th’oaid of the com-
parison examples given. ‘

The method descrj.bed~elo;v enabJes the approximate
determination of the lift distributions in a few minutes
with an accuracy sufficient for many purposes, It is also
characterized %y a certain simplicity which is useful in
th~ clarification of ~anyqu~s~j,ons and is in accoid with
the en.gineer~spoint of view. Finally, ‘the method is ap-
plicable to cases for which all other methods are entirely
unsuitable (for example, wings with end plates).

Similar methods, as the author .subsequently found,
have c.lready appeared elsewhere. The surprising accuracy
of such s,im,ple,methods is, however, generally Unrecognized*
so that a presentation of c~mpari~on computations which
provide a measure of the degree of accuracy obtainable,
should lead to an extended application of the method.

The autho~ wishes to express his appreciation to his
co-worker at Gottingen, Mr. N. Hiorth, for carrying out
the laborious computations required for the comparison.

“.—--- ------ _____ - ___

*Uin einfaches’N&herungfiVer.+ahren zur ‘?jrmittlungv,onAuf-
triebsverteilungen lanqs der Tragflugelspannwefte ,’1
Lultwissen, Bd. 7, Nr, 4, April 1940, pp. 118-120.
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2 UACA Technical Memorandum No. 948

FUNDAMENTAL IDFIAOF THE M23!l!EOD

The plausible assumption is made that the real lift
distribution lies between an ideal distribution independ-
enfiof the wing shape and a distribution determined in a
simple marinerby the wing shape. The ideal distrllmtion
is that with minimum induced drag and constant induced
downwash velocity - that is, for the usual monoplane, the
elliptic distribution: while the distribution dependent
on the the shape is proportional to a t at each position
of the tvlng.

COMPUTATION PROCNDURE

In the case of the untwisted wing the angle of attack
is not a13solutelynecessary, There is”drawn instead (for
the monoplane) the semiellipse of equal area with tho

,7
●

chord-distribution curve, and the lift distribution is o’b-
tained by forxning the arithmetical mean between the two ● *

b.
curves. .

*
In the case of twisted wings (and similarly for wings

with aileron or flap deflectj,on) there is first determined
the zero lift
approximation
dynamic twist

direc;ion of the entire wing. A sufficient ●

for this is the direction of the mean aero-

------ —-

3= 6(X) t(x)—- ----—-
3

~here”~he %ars denote mean values, a(x) and ~ z.ro
the twist angles be~ween the,reference direction of the
entire airplano and the 10CZLIand mean zero lift direc-
tions, respectivel.y~ For GI.Ifurt~or computations, the
angles of attack ,?ndtlvistarc reckoned from the zero lift
direction qiv,enby %.

,,
With angles $eckoneci’as”indicated above, the lift is

decomposed. into a component without twist and a twist corn- ‘
ponent without lift. The second component is determined P
On the basis of a mean value which has the zero line in-- e
Stead of the-ellipse as’the ide,aldistribution, and for
tihich the twist angle must always be considered. k

,., ,.
The general case with ttiistis mOSt conveniently COrIIM

.
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puted with the aid of the following formula, which requires
no explanation:

+-1~ /g’ ::Q d(x) t(x)
‘co.

In the shove relation ~~~ and.

he taken as constant along the sp.%n$
rate formula is given below,

dca----- can g’euerally
dum ; ,,

A ~omewhat more accu~

d.c de
The trial computation of .& and -& ‘may he some-

‘“m
what refined hy the introduction of a correction factor
(1 + K) setting:

dca—.-
d.C,% dam
—.- L- —-.——

Whe. constanlj K for various thper ra,tioswas determined
by trial in such a way that the, lift determined with. our
approximation method is qiven as correctly as possible
(fig, 1)0 In the case of the rectangular wing the value
thus determined a~rees with the theoretically determined
value of Glauert. For other taper ratios the agreement
has not been checked.and in this connection is not required.
A further refinement in the value of K, nevertheless,
seems unnecessary.

The computation procedure thus consists of the follow-
ing steps:

n) Computation of ~ ~y formi~g the mean.

b) Trial computation of dca/dm and dca/d%.

c) Computation of the lift distribution by the
formula for dA/dx.

L
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The comparisons given in figures 2 to 13, between the

accurate values computed ty the method of Multhopp antithe
results of the approximation m-ethod, sh6w in gqneral a Sat”
isi’actory, and tO some extent even surprising, agreement.
The error arising through the assumptio~ of a constant
vfalueof dca/da along the syan in unfavorable cases, can
he eliminated by computing a mean value

and than computing the,lift by the only slightly altered
i formula

dA ( dca(x) dc 4 -.
~qa-—

fi~

t(x) +--~-t 1-
f~w

rx=2

1

da da n \:$

1 Clca(x)
—. 6(X) t(x)‘~qdmm,

The sharp difference between lift without twist and twist
without lift, to be sure, no longer arises. This corrt?c-
tion has not been applied in the example here qiven.

Further fefinem~nt through additional computations,
at the 6xpense of briefness and simplicity, does not ap-
pear to be of advantage. The deviations, moreover, occur
at such wositions where the exact theoretical solution
does not-agree with actuality.- for example, for unrounded
wing tips and at transition vositions of ailerons and

● �

✌✎

✃

●

The deviation~ at the transition positions of ailer-
ons and flaps can be readily kal~,ncedhy hand with the aid a

of examples .qivenin tho figures. . m

!I!hemethod, as may he seen, is suitable for all pro%- ,

,’
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lems where too great accuracy is not required; that is, in
general, for investigations with regard to the maximum
lift coefficient Camax, stalling, and static equilibrium

problems. By the decomposition into an ideal, plan form,
and twist distribution, simple and time-saving relatiOnS
may be s~t up for frequently repented computations of bendi-
ng rioments, transverse forces, and torsional momonts alonq
the S~W1. For the compu~ation of the induced drag and for
the downwash computation, the method is r~otdirectly appli-
Cabl’eo

Tho method is suite.ble for the determination of lift
distributions also in cases for which the USUal methods
fail completely. Thus , it is applicable to monoplane
wings with end plates. Ideal distributions that take the
place of the ol.lipse c,znbe computed on the basis of an
inVeStigatiOll C)fthe Aerodynamic: ~~perimental ~nStitute
(reference 1) - the distributions there qiven being for
snallest induced drag and constant downwash. The relation
for the lift distribution now hecome~:

+- j f(X) d(x)
%“-
2

where f(x) is the function denoted by Mangler as the
‘1for the giv.~n case with end plates,“ideal function .

The method should likewise find application to lli-
planes and o“therarrangements,

The approxiroation method. described makes possible
lift-distribution computations in a few minutes, Compar-
ison with an exact method shows satisfactory agreement.
The method is of greater applico,%ilitycthan the exact
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method hnd includes also the important case Of the Win%
with end plates.

i

!I!remsle,tion by S. Reiss,
National Advi.soiy Committee
for Aoromutics~

REFERENCE

1. Mangler, W,: The Lift Distribution of Wings with End
Plates. !I?.11.NO, 856, NACA 3.938..
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Figs.1,2,3,4,5,6

Figure1.. The valuesof K
thatoccur in

the formilasfor dA/dx,For
non-trapezoidshapedwings
the nearestvalueof the
taperratiois used for the

0.2 0.4 0.6 0.S 1.0 determinationof K. .

Approximationn

P_
-:.-j=,.,...1 &—’———
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~b~2j

0.2 0.6 1.0
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Figures2 to 5.- Conp~~isoncurvqs
taperratios.The

given on Figj 6. No ,twist.]

*“”i- -P 114 --&~

by MtiIthbpptsmethod

0.2 ~g

o -, 0.2 0.6 1.0

u
0.2 0.6 ‘ 1.0

with b2/F=6,67 for various
comparisonfo?Jtaoti=O.5 is

0.2
t

0-02040608 lom ● ● . ●

Trapezoidalt *t”= ~:\
~. ~ 0.5 —> b/2:

I \ I 1 I t
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—.—
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Approximation

$
=0,1

1

Exactby

%2
=0,15 Multhopp

% method
:2 =0.2

Figure6.- Comparisoncurvesfor ta~ti=0.5for variousvalues
of F/b2~No twist,
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o 0.2 0.4 0.6 0,8 1,0

l?igs,7,8,9,10

Figure7.- Comparisoncurves
for a wingwithout

twistwith cut-outin center.
All threecurvesenclose
equal:r,rea,

Key for Fig. 7.
–-—- Chorddistribution

Approximation
---- Exactby Multhoppls

method,
Fi~wre8,- Comparisoncurves

for a rectangular
wing with semicircular
rounding,withouttwist.The
deviationof the approximation
methodat thewing tip for the
non-roundedrectangularwing
here almostcompletely
disappears,

Key for Figs. 8,9,10.
—- Approximation.
- - - .-.Exactby Multhopptsmethod

Figure9.- Comparisoncurves
for a wing with

ta:ti=0.5and b2/F=6.67for
various valuesof ca with a
lineartwistwhich is 0° at
the centerand 3° downwards
at thewing tip.

u

~
0.016 ea=o

b;=~ -

Figure10.-Lar.gerscale
Q ‘.
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O:>’ *’,. 0.6
representation

2 ~—~ of the curvesfor ca=Ofrom
; ‘-e=- /:. Fig. 9.- .
A
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% I 0.024

“P ‘---:

i5a=0
-P
.@ \.\’ Figure11.-Resultsfor ca=OP.
1+ \

~ b~2
~.>~Q,4 0,6

as in Fig. 10 with
y 1.0 a twistwhich similarlyamounts

1

-. /. -- __ . to 3° at the wing tip but .
increasesparabolically.

o,o16-

– Keyfor Figs. 11,12,13-

Approximation
-..— -- Exactby Multhopplsmethod

l?ig&e12.-

The corners
off by hand

Comparisoncurvesfor a rectangularwing withb2/F=5for
an ailerondeflectione=0.25=14°with and withoutlift.
of the approximationcurvecan practicallybe well rounded
followingthe examplegivenand thusconsiderablybetter

agreementis obtained,,~e rollingmomentsof the non-roundedoff
approximationcurveverywell agreewith the exactlycomputedvalues,

‘1

1

0.32

0.24

0.16

0,08

0

\
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Yigure13.- Comparison
curvesfor a

taperedwing with ta:ti=
0.5 and b2/F=6.67with
60° deflectedsplitflap
along centerhalf of
span~

0.2 0.4 0.6 0,8 1,0


